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Abstract 

Superfluidity in the quasi-two-dimensional (2D) system of spatially indirect magnetoexcitons in 
coupled quantum wells (CQW) and unbalanced two-layer electron system in high magnetic field 
H is considered in the presence of a random field. The problem of the rare gas of magnetoexcitons 
with dipole-dipole repulsion in a random field has been reduced to the problem of the rare gas 
of dipole excitons without magnetic field with the effective magnetic mass of a magnetoexciton, 
which is a function of the magnetic field and parameters of the CQW, in an independent effective 
random field. The density of the superfluid component n s and the temperature T c of the Kosterlitz- 
Thouless transition to a superfluid state are obtained as functions of magnetic field H, interlayer 
separation D and the random field parameters a, and gi. For 2D magnetoexcitonic systems, the rise 
of the magnetic field H and the interwell distance D is found to increase the effective renormalized 
random field parameter Q and suppress the superfluid density n s and the temperature of the 
Kosterlitz-Thouless transition T c . The suppressing influence of D on n s and T c in strong magnetic 
filed is opposite to the case without magnetic field, when n s and T c increase with the rise of D at 
fixed total exciton density n. It is shown that in the presence of the disorder at sufficiently large 
magnetic field H or parameters of the disorder there is no superfluidity at any exciton density. 

Key words: coupled quantum wells (CQW), nanostructures, superfluidity, magnetoexciton, Bose- 
Einstein condensation of magnetoexcitons. 
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I. INTRODUCTION 



Systems of excitons with spatially separated electrons (e) and holes (h) (indirect excitons) 
in coupled quantum wells (CQW) in magnetic fields (if) have been the subject of several 
experimental investigations.— - — These systems without magnetic field were also under the 
consideration recently^ They are of interest, in particular, in connection with the possibility 
of superfluidity of indirect excitons or e — h pairs, which would manifest itself in the CQW 
as persistent electrical currents in each welliS - — . In high magnetic fields (H > 7T) two- 
dimensional (2D) excitons survive in a substantially wider temperature region, as the exciton 
binding energies increase with magnetic field.— - — In addition, the 2D e — h system in high 
H fields is interesting due to the existence, under some conditions of supersymmetry in 
the system (for the single quantum well) leading to unique exact solutions of the many- 
body problem (the last corresponding to ideal Bose-condensation of magnetoexcitons at any 
density 

The superfluid state appears in the system under consideration below the temperature of 
Kosterlitz-Thouless transition.— The latter was studied recently for systems with spatially 
separated electrons (e) and holes (h) in the absence of magnetic field.— ^ 

Attempts at experimental investigation of magnetoexciton superfluidity in coupled quan- 
tum wellsi make it essential to study the magnetic field dependence of the temperature of 
phase transition to the superfluid state in systems of indirect magnetoexcitons and to an- 
alyze the density of the superfluid component. It was shown that increasing the magnetic 
field at a fixed magnetoexciton density leads to a lowering of the Kosterlitz-Thouless tran- 
sition temperature T c on account of the increase of the exciton magnetic mass as a function 
of a a magnetic field H 25 . But it turns out that the highest possible Kosterlitz-Thouless 
transition temperature increases with H (at small D) due to the rise in the maximal density 
of magnetoexcitons vs. H — . 

The theory of the magnetoexcitonic systems did not take into account the role of disorder, 
which is created by impurities and boundary irregularities of the quantum wells. In real 
experiments, however, disorder plays a very important role. Although the inhomogeneous 
broadening linewidth of typical GaAs-based samples has been improved from around 20 meV 
to less than 1 meV,— the disorder energy is still not much smaller than the exciton-exciton 
repulsion energy. At a typical exciton density of 10 10 cm -2 , the interaction energy of the 
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excitons is approximately 1 meV.— On the other hand, the typical disorder energy of 1 meV 
is low compared to the typical exciton binding energy of 5 meV. 

A typical example of a two-dimensional system of weakly interacting bosons is a system 
of indirect excitons in coupled quantum wells (GaAs/ArGaAs) 1 ! 3 ! 4 ! 5 ' 6 ! 8 ' 9 . Fluctuations of the 
thickness of a quantum well, which arise during the fabrication process, impurities in the 
system, and disorder in the alloy of the barriers can all lead to the appearance of a random 
field. Of these, spectral analysis of the exciton luminescence shows that alloy disorder, with 
a characteristic length scale short compared to the excitonic Bohr radius of around 100 A, 
plays the most important role. 

The collective properties of 2D indirect excitons in weak disorder without magnetic field 
were analyzed in Ref. 2^|. In Ref. we studied the case of a random field which is not 
necessarily small compared to the dipole-dipole repulsion between excitons for CQW with- 
out magnetic field. The coherent potential approximation (CPA) allows us to derive the 
2D indirect exciton Green's function for a wide range of the random field, resulting in the 
second order Born approximation in weak scattering limit (the second order Born approx- 
imation Green's function for 3D excitons was obtained by Gevorkyan and Lozovik 31 ). It 
was predicted that in the low-temperature limit, the density n s of the superfluid component 
in CQW systems and the temperature of the superfluid transition (the Kosterlitz-Thouless 
temperature are the decreasing functions of the random field 30 . 

n 

In Ref . |32| the spectrum of the single indirect 2D magnetoexciton (non-interacting with 
other magnetoexcitons) in the strong perpendicular magnetic field in the presence of disorder 
in the second-order Born approximation was obtained. 

In the present paper we derive the collective spectrum of the 2D low-dense indirect 
magnetoexciton gas in the presence of the disorder including the dipole-dipole repulsion 
between magentoexcitons in the ladder approximation 25 '. We consider disorder which is 
not weak compared to the dipole repulsion in the second-order Born approximation 3 - 2 The 
density of the superfluid component n s and the temperature T c of the Kosterlitz-Thouless 
transition to a superfluid state are obtained as a function of magnetic field H, interlayer 
separation D and the random field parameters a« and ft. We show that the density of 
the superfluid component and the Kosterlitz-Thouless temperature of the superfluid phase 
transition decrease as the random field increases. These results are derived by the mapping 
the problem of the rare indirect magnetoexciton gas with the disorder in the strong magnetic 



3 



field onto the problem of the rare dipole gas without magnetic field consisting of indirect 
excitons with the effective magnetic mass of a magnetoexciton, which is a function of the 
magnetic field and the parameters of the coupled quantum wells (CQW), in an if -dependent 
effective random field. The application of these results, obtained for CQW with spatially 
separated electrons and holes, for unbalanced two-layer electron system is also discussed. 

The paper is organized in the following way. In Sec.|H]we derive the effective Hamiltonian 
of rare "dirty" spatially indirect magnetoexcitons in the effective magnetic mass approxi- 
mation in high magnetic field limit. In Sec. II I II we obtain the Green's function of a single 
magnetoexciton in the random field. In Sec. II VI the collective spectrum, the superfluid den- 
sity and the temperature of the Kosterlitz-Thouless phase transition of magnetoexcitons 
are derived in the presence of disorder. In Sec. we discuss our results and consider the 
extension of the framework used for the indirect magnetoexcitons in CQW on the system of 
indirect magnetoexcitons in unbalanced two-layer electron system. 



II. THE EFFECTIVE HAMILTONIAN OF RARE "DIRTY" SPATIALLY IN- 
DIRECT MAGNETOEXCITONS IN THE EFFECTIVE MAGNETIC MASS AP- 
PROXIMATION 

The total Hamiltonian H of 2D spatially separated e and h in the perpendicular magnetic 
field in the presence of the external field in the second quantization representation has the 
form: 



H — I dR I dv 

,2 



^(R, r) ( — HV e + eA e ) 2 + — {-iV h - eA h f 



,2m e 2rrih 
, + V e (r e ) + V h (r h ) I z/i(R, r) 

+ l -JdR l J dx x J dK 2 J dr 2 ^(R 1)ri )^(R 2 ,r 2 ) (U ee (r el - r e2 ) + U hh (r hl - r h2 ) 
+ U eh (r el - v h2 ) + U he (r hl - r e2 )) ^(R 2 , r 2 )^(R 1 , n), (1) 



Here V^(R, r) and ^(R, r) are the operators of creation and annihilation of magnetoexcitons; 
r e and are electron and hole locations along quantum wells, correspondingly; A e , A^ 
are the vector potentials in electron and hole location, correspondingly; V e (r e ) and V^r^) 
represent the external fields acting on electron and hole, correspondingly (we use units 
c = U — 1); D is the distance between electron and hole quantum wells; e is the charge of an 



electron; e is the dielectric constant. We use below the coordinates of the magnetoexciton 
center of mass R = (m e r e +mhrh) / (m e +mh) and the internal exciton coordinates r = r e — r^. 
The cylindrical gauge for vector-potential is used: A e>h = |H x r e /l . U ee , U hh , U eh and U he 
are the two-particle potentials of the electron-electron, hole-hole, electron-hole and hole- 
electron interaction, correspondingly, between electrons or holes from different pairs: 

2 2 

U ee (r el - r e2 ) = — — r ; U hh (r hl - r h2 ) = 

C| r el — r e2 | e| r /il — r h2\ 

U eh (v el - r h2 ) = e ' :; U he (v hl - r e2 ) = t (2) 



e^/|r el - r M | 2 + D 2 ey/\r hl - r e2 | 2 + D 2 

The conserved quantity for isolated exciton in magnetic field without any external field 
(V e (r e ) = Vh(r h ) = 0) (the exciton magnetic momentum) is (see Ref . \3t\ ) : 

P = -iV e - iV h + e(A e - A h ) - eH x (r e - r h ), (3) 

The conservation of this quantity is related to the invariance of the system upon a simulta- 
neous translation of e and h and gauge transformation. 

The eigenfunctions of Hamiltonian of a single isolated magnetoexciton without any ran- 
dom field (V e (r e ) = Vh(rh) = 0), which are also the eigenfunctions of the magnetic momen- 



tum P), have the following form (see Refs. [18.33]): 

* fcP (R,r) = expjzR(p + ^HxR) +i 7 ^U fc (P,r), (4) 
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where $&(P,r) is the function of internal coordinates r; P is the eigenvalue of magnetic 
momentum; k are quantum numbers of j exciton internal motion. In high magnetic fields 
k = (riL,rn), where til = mm(ni,n 2 ), m = \m — n 2 |, ni( 2 ) are Landau quantum numbers 
for e and fo 1 ^ 24 ; 7 = (nth — m e )/(mh + m e ). 

In this section we reduce the problem of the rare gas of magnetoexcitons (in high magnetic 
field) with dipole-dipole repulsion in a random field to the problem of the rare gas of dipole 
excitons without magnetic field with the effective magnetic mass of a magnetoexciton, which 
is a function of the magnetic field and parameters of the quantum wells, in an if-dependent 
effective random field. Our goal is to map the Hamiltonian of the rare gas of "dirty" dipole- 
dipole repulsing magnetoexcitons placed on the lowest Landau level (high magnetic field 
regime) onto the the Hamiltonian of the rare gas of "dirty" dipole-dipole repulsing excitons 
without the magnetic field, but characterized by the effective magnetic mass dependent on 
H and D and the effective random field, renormalized by magnetic field H. 



We further expand the magnetoexciton field operators in a single magnetoexciton basis 
set # fcP (R,r) 

^(R, r) = J2 ^p(R, r)4 P ; ^ (R, r) = £ ^ fcP (R, r)a fcP , (5) 
fcp fcp 

where aj. P and dkp are the corresponding creation and annihilation operators of a magne- 
toexciton in (k, P) space. 

We consider the case of strong magnetic field, when we neglect in Eq. (@J) the transitions 
between different Landau levels of the magnetoexciton caused by scattering by the slowly 
changing in space potential V e (r e ) + V/j,(r^). We also neglect nondiagonal matrix elements of 
the Coulomb interaction between electron and hole in the same pair. The application region 
of these two assumptions is defined by the inequalities 

uj c » E b , u c » \/(V e \ h) ) av , (6) 

where uj c = ^JeH/m e _ h , m e _ h = m e m h / \m e + m h ) is the exciton reduced mass in the 
quantum well plane; E b is the magnetoexciton binding energy in an ideal "pure" system as 
a function of magnetic field H and the distance between electron and hole quantum wells D: 
E b ~ e 2 /er H \fn~/2 at D < r H and E b ~ e 2 /eD at D > r H {r H = (eH)~ 1 / 2 is the magnetic 
length) . 1 ^ 24 Here (. . .) av denotes averaging over the fluctuations of random field. 

After exciton-exciton scattering their total magnetic momentum P = X)i Pi is conserved, 
but the magnetic momentum Pj of each exciton can be changed. Since in a strong magnetic 
field p, the mean distance between e and h along the quantum wells is proportional to the 
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magnetic momentum (p = -^f-H x P) 18 i 33 , the scattering is accompanied by the exciton 
polarization. We consider sufficiently low temperatures when magnetoexciton states with 
only small magnetic momenta P <^ — are filled. The change of these magnetic momenta due 
to exciton-exciton scattering is also negligible due to the conservation of the total magnetic 
momentum. But these small magnetic momenta correspond to small separation between 
electrons and holes along quantum wells p < r/f. So magnetoexciton polarization due to 
scattering is negligible and the magnetoexciton dipole moment keeps to be almost normal 
to quantum wells d = eD, i.e. the interexciton interaction law is not changed due to the 
scattering. For the rare system in the strong magnetic field n <C r# 2 (n is the 2D density of 
excitons; the characteristic radius of magnetoexciton along the wells in the strong magnetic 
field at small P approximately equals to the magnetic length r#^i) the exciton-exciton 
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interaction is the dipole-dipole repulsion, because the average distance between excitons r s 
is large compare to the exciton radius (r s = (7m) _1 / 2 ^> r#). So for the rare system in the 
strong magnetic field at n <C rj^ we have: 

*7(|Ri - R 2 |) = U ee + U hh + U eh + U he ~ lT3 e2jP ' ,„ . (7) 

e|rti — H2I 

Notice that the magnetoexcitons repel like parallel dipoles, and their pair interaction poten- 
tial depends only on the coordinates of the center mass of the excitons and does not depend 
on the coordinates of the relative motion of the electron and hole. 

Now we substitute the expansions Eq. (J5J) for the field creation and annihilation operators 
in the total Hamiltonian Eq. (|1J) and obtain the effective Hamiltonian in terms of creation 
and annihilation operators in P space. In strong magnetic fields u c = eH/p* ^> e 2 /r# the 
characteristic value of e — h separation in the magnetoexciton |(r)| has the order of the 
magnetic length r# = 1/y/eH. The functions $fc(P,r) (see Eq.(Jl])) are dependent on the 

2 

difference (r — p), where p = -gf-H x P 18 i 33 . At small magnetic momenta P <C 1/V# we have 
P "C Th, and, therefore, in functions $fc(r — p) we can ignore the variable p in comparison 
with r. In strong magnetic fields quantum numbers k correspond to the quantum numbers 
(m, til) (see above). For the lowest Landau level we denote the spectrum of the single 
exciton £q(P) = £oo(P)- I n high magnetic field, when the typical interexciton interaction 
D 2 n~^ <^ lu c , one can ignore transitions between Landau levels and consider only the states 
on the lowest Landau level m = = 0. Using the orthonormality of functions $ mn (0, r) 
we obtain the effective Hamiltonian H e ff in strong magnetic fields. Since a typical value 
of r is Thi and P in this approximation the effective Hamiltonian H e ff in the 

magnetic momentum representation P on the lowest Landau level m = = has the same 



form (compare with Ref. 17J) as for two-dimensional boson system without a magnetic field, 
but with the magnetoexciton magnetic mass m# (which depends on H and D) instead of 
the exciton mass (M = m e + m/J, magnetic momenta instead of ordinary momenta and 
renormalized random field: 

Heff = I>oGP)4«p+ E (P'|^|P)4,ap 
p p,p' 

+ \ E (Pi,p 2 |^|P3,P4)4 1 4 2 «P3«P4, (s) 

Z Px.Pa.Pg^i 

where V = V e +Vh- The dispersion relation e (P) of an isolated magnetoexciton on the lowest 



Landau level is the quadratic function at small magnetic momenta under consideration: 

where m# is the effective magnetic mass of a magnetoexciton on the lowest Landau level, 
dependent on H and the distance D between e - and h - layers (see Ref. 2]). In strong 
magnetic fields at D 3> r# the exciton magnetic mass is m# »s D 3 e/ (e 2 r|^) 24 . The quadratic 
dispersion relation Eq. Q is true for small P at arbitrary magnetic fields H and follows from 
the fact that P = is an extremal point of the dispersion law £fc(P). The last statement may 
be proved by taking into account the regularity of the effective Hamiltonian Hp as a function 
of the parameter P at P = and also the invariance of Hp upon simultaneous rotation of 
r and P in the CQW plane. For magnetoexciton ground state mg > 0. For high magnetic 
fields th <C a® an d at D ^ r# the quadratic dispersion relation is valid at P <C 1/Vff, but 
for D ^> r H it holds over a wider region — at least at P <C D/rj^ (ag = e/ (2m e _ h e 2 ) is 
the radius of a 2D exciton at H — 0). 

The matrix element of the inter-magnetoexciton interaction (Pi, P2 U P3, P 4 ^> is defined 

as 

P 1 ,P 2 |f/|P3,P 4 ) = j^j d 2 R, J d 2 R 2 J d 2 n J (PrzUiRi - R 2 ) 

^(R^rO^p^Ra^^^CRi^O^p^R^.ra). (10) 

The matrix potential of U (Eq. (|7J)) connecting the states (fci = fc 2 = 0, Pi, P 2 | and 
(& 3 = A; 4 = 0, P 3 , P 4 I has the form 

(P l5 P 2 \U\ P 3 , P 4 ) = ^C/(P 3 - Pi)5(Pi + P 2 - P 3 - P 4 ), (11) 

where S is the of a quantum well, and 

C/(P 3 " Pi) = / / ^(|Ri " P2I) exp (i(P 3 - Pi)(Ri - R 2 )) d 2 |Ri - R 2 |. (12) 

In the strong magnetic field limit, using for $fc(P,r — p) (p = -jf-H x P) in Eq. Q 
the internal wavefunction of the magnetoexciton at the lowest Landau level, at small mag- 
netic momenta P <C 1/r^ we can ignore the variable p relatively to r (see above). So in 
^fc=o,p(R, r) (Eq. (gj)) we put P = and p = for $ fc=0 (P, r - p), while we keep PR 7^ in 
the exponent. This procedure is valid in a strong magnetic field at small magnetic momenta, 
because the characteristic p is much smaller than the characteristic R ~ r s = (irn) ~ 1 ^ 2 
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(th <C (7m) -1 / 2 ). Keeping PR 7^ 0, we can use the magnetic momentum conservation law 
below. So in the strong magnetic field limit, using for $fc(0, r) the internal wavefunction of 
the magnetoexciton at the lowest Landau level 2 ^ 



$/c=o(0,r) = — == — exp 



j. 2 



Ar 2 H 



(13) 



and has the form 



we obtain the matrix element of the external potential V^h(r) connecting the states 
(k — 0, P I and (k — 0, P' | , which is defined as 

P' I V^(r) I P) = i | d 2 Rj d 2 rV eih (r eih )%, P ,(R, r)^ P (R, r), (14) 



P'|K ) ,(r)|P) = iex P (-(P'-P) 2 ^j 

= ^K,,(P' - P) exp (±f| HP x P') , (15) 



where 



V e , h (P' - P) = J J V e>h (r) exp [z(P' - P)r] rf 2 r. (16) 

Then, using the expressions for the matrix elements Eqs. (jl(J|) and (|14j) . the expansions 
for the the field operators Eq. (jSJ), applying the orthonormality of functions $^(0, r), and 
employing only the lowest Landau level k = in the strong magnetic field limit at the end 
we obtain from the Eq. (jHJ) the effective Hamiltonian of dipole indirect magnetoexctions in 
high magnetic field in the presence of the disorder in coordinate space: 

H eff = J dR^t(R) + V eff (R)\ ^(R) 

+ l -fdR l j dR 2 ^ t (Ri)^ t (R 2 )f/(Ri - R 2 )^(R 2 )^(Ri), (17) 

where ^(R) and ^(R) are the Bose creation and annihilation field operators (the possibility 
of the assumption about magnetoexcitons being bosons we discuss below), and the coupling 
to the effective random field V e ff(R) has the form 

V eff (R) = JL / exp f-^-^£) [ Ve {v) + V h {v)\ dr. (18) 
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The Eq. (jl8|) is valid, if the correlation length L of random potential (\^(r e , 17J) is much 
greater than the magnetoexciton mean size r exc = r#: (L ^> r#), i.e., in the case of a smooth 
surface potential, which is realized, as was shown using a scanning tunnelling microscope, on 
interfaces in AlGaAs — GaAs structures discussed in this paper. A more rigorous condition 
of the smoothness of random potential can be expressed as^ 



and it holds for the strong magnetic field, when r exc = rn = (eH) 1 ' 2 , and Eb ~ e 2 /eD at 
D >rj^. 

As a matter of fact, the effective magnetoexciton Hamiltonian H e ff (Eq. ()17|l) treats the 
magnetoexciton as an electrically neutral composite particle. Since the particle is neutral, 
it does not directly interact with the magnetic field. The interaction with the magnetic field 
manifests itself through the renormalization of the exciton effective mass and modification 
of the correlation function of the random field. Thus, we can do mapping from the original 
problem of the rare weakly-interacting magnetoexciton system in strong magnetic field in 
the presence of the disorder, described by the total Hamiltonian Eq. on the rare system 
of excitons without magnetic field with the effective magnetic mass mjj and in the presence 
of the effective random field V e fj (Eq. (|18|l). renormalized by the magnetic field H. The 
dipole-dipole interaction term in the effective Hamiltonian Eq. (fTTjl in the strong magnetic 
field limit is exactly the same as one for the excitons without magnetic field, because the 
dipole-dipole interaction does not depend on the relative coordinates of electron and hole 
in the exciton as long as we assume the excitons are parallel dipoles (as mentioned above). 
This mapping allows us to use the results for the collective spectrum, superfluid density and 
Kosterlitz-Thouless temperature, obtained for the system in random field without magnetic 
field^, for the case of strong magnetic field. 

III. THE GREEN'S FUNCTION OF A SINGLE MAGNETOEXCITON IN THE 
RANDOM FIELD 

The interaction between an spatially indirect exciton in coupled quantum wells and a 
random field, induced by fluctuations in widths of electron and hole quantum wells, has the 




(19) 
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form 32 : 



V(r e , r h ) = a e [£i(r e ) - &(r e )] + a A [6(r fc ) - &(r/0], (20) 

where « e /, = h is the average widths of the electron and hole quantum wells, 

E^l are the lowest levels of the electron and hole in the conduction and valence bands, and 
£1 and £2 (£3 and £4) are fluctuations in the widths of the electron (hole) wells on the upper 
and lower interfaces, respectively. We assume that fluctuations on different interfaces are 
statistically independent, whereas fluctuations of a specific interface are characterized by 
Gaussian correlation function 

(6( ri )^(r 2 )) = giSySfa - r x ), (&(r)) = 0, (21) 

where gi is proportional to the squared amplitude of the ith interface fluctuation^ 2 -. This is 
possible if the distance D between the electron and hole quantum wells is larger than the 
amplitude of fluctuations on the nearest surfaces. 

We consider the characteristic length of the random field potential L to be much shorter 
than the average distance between excitons r s ~ 1/ ^/wn (I< 1/ where n is the total 
exciton density). Therefore, in order to obtain the Green's function of the magnetoexcitons 
with dipole-dipole repulsion in the random field, we obtain the Green's function of a single 
magnetoexciton in the random field (not interacting with other magnetoexcitons), and then 
apply the perturbation theory with respect to dipole-dipole repulsion between exciton, using 
the system of the non-interacting magnetoexcitons as a reference system in analogy with 
the system without magnetic field 3 ^. 

Since the effective magnetoexciton Hamiltonian Eq. (fTYj) is translationally invariant, we 
can write the Green function of isolated magnetoexciton in the momentum space. The 
Green's function of the center of mass of the isolated magnetoexciton at T = in the 
momentum-frequency domain (G^(p, u)) in the random field in the coherent potential 
approximation (CPA) is given by 3 - 2 - (here and below h = 1) 

G (0) (P^) = , M - n( y (22) 

where \i is the chemical potential of the system, and Eo(p) = p 2 /2rriH is the spectrum of the 
center mass of the exciton in the "clean" system. The function Q(p,u) is determined by 
effective random field acting on the center of mass of the exciton. For zero random field, 
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Q(p, uj) — > 0. If giVeiH <C Eb the function Q(p,u) in the coherent potential approximation 
is given by^ 

Q(p,u;) = \J GW(q,o;)S(|p - q|)-^, (23) 



where 



S(p) = / d 2 RB(R)e- ipR , (24) 

for R = Hi — R 2 , and in the coordinate domain S(R 1; R 2 ) = (V r e //(Ri)V e //(R 2 )) ai) (the 
effective potential 14// is given by Eq. (jTSj) ) has the forrn^ 



o£(j9i + 92) + a%(jg 3 + 9t) ( (Ri - R2! 



2 N 



B(K 1} R 2 ) = BiR, - R 2 ) = ^ ^ ^ 6XP 2^ J • (25) 

Note, that, since in the limit of strong magnetic fields the magnetic length rjj = (eif) _1//2 is 
much smaller than the characteristic length of the random field potential L (th "C L), and, 
therefore, 

hm BjR, - R 2 ) = ^ + 92) + di9s + fr) ( _ 

the random field acting on a magnetoexciton is represented by the white noise correlation 
function of the random potential -B(Ri,R 2 ) = (V r e //(Ri)V r e //(R 2 )) at) . The time-reversal 
symmetry of the effecive magnetoexciton Schrodinger equation in strong magnetic field, 
corresponding to the effective Hamiltonian Eq. (JHJ) with the effective random field Eq. (|18jh 
and elimination of the long-range property of the random field (Eq. (|26j)) cancels all effects 
related with the broken time-reversal symmetry in the Schrodinger equation Eq. at 
n^e 7^ ™>hi that result in corrections to the Green's function of a magnetoexciton.^ 
Using Eq. (j24jl . we obtain the Fourier transform of B(R) 



B(p) = c^(9i + 92) + 0^1(93 + 9.) exp (rM) . (27) 



So the CPA Green's function of the 2D indirect exciton is determined by the solution of 
the self-consistent equations Eqs. (|2^j) and (J2SJ)- 

In the weak-scattering limit ( q^m h < £(, ~ e 2 /eD ) we use the second-order Born 



approximation for Q similar to Refs. 
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32j, expanding Q (Eq. (123)) in series to the first 



order in B(\p — q|) (which is the first order in g{), and we replace Eq. ()23|) by: 

^ = f/^-^) B <IP-*l>(§5- < 28 > 
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Substituting B(p) from Eq. (}2Tj) into Eq. (J2EJ), we obtain for Q(p, 

Q(P,w) = ™/,expl- — Qo + 2m#u/)J 

Jo ^V2^^ , (29) 

where Jq{z) is the Bessel first integral. The second-order Born Green function of the single 
indirect exciton in the random field in CQW G^(p, uj) is derived by substituting Q(p,u) 
from Eq. (JUJ) into Eq. (J22J). 



IV. COLLECTIVE SPECTRUM AND SUPERFLUIDITY OF INDIRECT DIRTY 
MAGNETOEXCITONS 

Due to the interwell separation D, indirect magnetoexcitons both in the ground state 
and in excited states have electrical dipole moments. We suppose that indirect excitons 
interact as parallel dipoles. This is valid when D is larger than the mean separation (r) 
between electron and hole in the magnetoexciton along quantum wells D » (r). We take 
into account that at high magnetic fields (r) « Pr 2 H ((r) is normal to P) and that the typical 
value of magnetic momenta (with exactness to logarithm of the exciton density (ln(n ex ), see 
below) is P ~ y/n ex (if the dispersion relation £k{P) = 2 m Hk * s true). So the inequality 
D ^> (r) is valid at D ^> \fnr\. 

The distinction between excitons and bosons manifests itself in exchange effects (see 
Ref, QH). These effeets f 0r exe.tons with spatiany separated e and h in a r a r e 8y8t e,n 
n ex a 2 (H, D) <C 1 are suppressed due to the negligible overlapping of wave functions of two 
excitons on account of the potential barrier, associated with the dipole-dipole repulsion of 
indirect excitons^ (here n ex , a(D, H) are respectively density and magnetoexciton radius 
along quantum wells, respectively). The small tunnelling parameter connected with this 
barrier is exp[— J^° H D ^ ^2mHk{^-gr — where k 2 ~ — -? - y is the char- 

acteristic momentum of the system (see below); tq = (2mHk& 2 D 2 / k 2 ) 1 ^ 3 is the classical 
turning point for the dipole-dipole potential at the energy equal to the chemical potential 
of the system. In high magnetic fields the small parameter mentioned above has the form 
exp[— 2(m#fc) 1//2 e-Da~ 1 / 2 (i7, D)]. Therefore the system of indirect magnetoexcitons can be 
treated by the diagram technique for a boson system. 
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e at D < D cr (H) and T = when the magnetoexciton 



The rare excitonic system is stab 
energy Ef,(D, H) (calculated in Ref. 24j) is larger than the sum of activation energies El 
k-^ for incompressible Laughlin liquids of electrons or holes; k = 0.06 for v — ~ etc.—. 
Since fe < 1, the critical value D cr Th- In this case one has -E 1 ;, = ^(1 — t>I) for a 
magnetoexciton with quantum numbers n = m = (see Ref. j^). As a result we have from 
the stability condition (see above) D cr = r H {^ — 2k). For greater v it gives an upper bound 
on D cr . In the rare system in high magnetic fields /i <C (see below). The coefficient k in 
the activation energy El may be represented as k = k^^fv. So from the relation between 
D cr and r# one has: v cr = — ^2)- Thus maximal density for stable magnetoexciton 

phase is n max = u cr /2nr 2 H . 

At v = I the elecron-hole phase can be unstable due to the pairing of electron and hole 
composite fermions (which form the Fermi surface of composite fermions in the mean field 
approximation^) . 

Since the effective Hamiltonian H e ff (Eq. |T7j) ) of the system of indirect "dirty" mag- 
netoexcitons at small momenta is exactly identical to the Hamiltonian of indirect "dirty" 
excitons without magnetic field replacing the excitonic mass M = m e + by the mag- 
netic mass run and using the effective random field V e ff, we can use the expressions for 
the ladder approximation Green's functio n 39 i 40 , collective spectrum, normal and superfluid 
density and the temperature of Kosterlitz-Thouless phase transition — for the "dirty" system 
without magnetic field^ replacing excitonic mass and Q. Since the characteristic length of 
the random field potential L is much shorter than the average distance between electron and 
hole, the first step in the averaging procedure with respect to the random field results in the 
Green function of a non- interacting exciton with the imaginary part. And the second step 
takes care of the exciton-exciton repulsion. The results of Ref. 30j show the density of the 
superfluid component and the temperature of the phase transition decrease with the rise of 
the disorder, which give the good correspondence with the results of the Lopatin-Vinokur 
approach for the weakly interacting bosons in the presence of disorder.^ 

Since the characteristic frequencies and momenta which give the greatest contribution 
to the Green's function in the ladder approximation are^ ooeD/e 2 ~ nj log[r^/(nD 4 )] 1 



and pru ~ rriH^jn/ \og[r 2 H / {nD A ))] <^ 1, respectively, for the single exciton Green's function 
G^°'(p,u), participating in the ladder approximation, we approximate Q(p,u) by Q(p = 
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0,lo = 0) (see Eq. (JHJ)) 



Q(P^) = Q = a ' (9 ' + g l + / te + 94 W (3°) 



The chemical potential fi is obtained in the form (compare to Ref . Isflj] ) : 



2m ff log(^4 ?IF )' (31) 

where k is a characteristic momentum. We have the condensate Green's function D(pAujk) 
(compare to Ref. [30]): 

n (o)/ ■ \ -i(27i) 2 n 5(p) 

D w (p,iu k ) = ■ — — , 32 

ILUk + n + %Q 

where no is the density of Bose condensate. Since at small temperatures 

(n — no)/n <C 1, according to the ladder approximation 39 we use below n instead of no. 

G(p,iuJk) and -F(p, iuJk) ar e the normal and anomalous Green functions of the overconden- 

sate: 

iu k + e Q (p) + /! + iQ 



G(p,iuj k ) 



where Eq(p) is the spectrum of noninteracting excitons; the spectrum of interacting excitons 



has the form e{p) = y [p 2 / '(2m//) + fi 2 — Q 2 j — {ji 2 — Q 2 ), and for small momenta p <^ 
y/2m H ^ the excitation spectrum is acoustic e{p) = c s p, where c s = [i 2 — 'Q 2 /'rn H is the 
velocity of sound. 

At large magnetic momenta P the isolated magnetoexciton spectrum e(P) contrary to 
the case H = has a constant limit (being equal to Landau level for reduced effective 
mass, see 

Refs.Q, H)- 

As a result the spectrum of the interacting magnetoexciton system 
also has a plateau at high momenta. Therefore, the Landau criterium of superfluidity is not 
strictly valid at large P for the interacting magnetoexciton system. However, the probability 
of excitation of quasiparticles with magnetic momenta P 3> l/r^ by moving magnetoexciton 
system is negligibly small at small superfluid velocities 25 . In this sense, the appearance of a 
linear branch can be taken as the criterion for superfluidity of 2D magnetoexcitons. 

The density of the superfluid component n s (T) can be obtained using the relation n s (T) = 
n — n n (T), where n n {T) is the density of the normal component. The density of normal 
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component n n is (compare to^Sl): 



n n — n> n + , 

rriH J (27T 



N 



d P 2 e o(p) n 



e\p) 



(34) 



Here N is the total number of particles, and n° is the density of the normal component in 
a pure system with no impurities: 

1 



n.. 



2m 



H 



dp 2 dn (p) 
IP 



(35) 



(2tt) 2 ^ de ' 

where n (p) = (e e ^ p ^ T — l)^ 1 is the distribution of an ideal Bose gas of temperature excita- 
tions. 

The first term in Eq. (|34|l . which does not depend on Q, is the contribution to the normal 



component due to scattering of quasiparticles with an acoustic spectrum in a pure system 
at T 7^ (compare with Ref. 



n, 



3C(3) 



T 



(36) 



27r cj(n,Q)m H 

where ((z) is the Riemann zeta function (C(3) — 1.202). The second term in Eq. (jMj) is the 
contribution to the normal component due to the interaction of the particles (magnetoexci- 
tons) with the random field, 

nQ 3C(3) T 3 nQ 



n, 



(37) 



2m H c 2 s (n,Q) 2n cj.(n,Q)m H 2m H c 2 s (n,Q) 
The density of the superfluid component is n s = n — n n . From Eqs. (J3TI|) and (jSTj) we can 
see, that the random field decreases the density of the superfluid component. 

In a 2D system, superfluidity appears below the Kosterlitz-Thouless transition temper- 
ature T c = 7rn s /(2mfl-)2& where only coupled vortices are present. Using the expressions 
(I36|) and ()37|) for the density n s of the superfluid component, we obtain an equation for the 
Kosterlitz-Thouless transition temperature T c . Its solution is 



Tr 



( 



1 + 



32 ( m H T° V 
\ 27 V 7rn' / 



1/3 



1 



32 ( m H T* X 
\ 27 V Tm' ) 



1/3' 



1 - 1 



7^0 

c 

2 l/3- 



(38) 



Here T c ° is an auxiliary quantity, equal to the temperature at which the superfluid density 
vanishes in the mean-field approximation n s (T c °) = 0, 



2im c s m H 
, 3C(3) 



1/3 



(39) 
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In Eqs. (JSHI) and (J3HJ), n' is 



i nQ 

n' = n- - - . (40) 



Even though the expression similar to Eq. (|38|) has been already visualized earlier in Ref . j^] , 
the result of this paper is nontrivial because it takes into account the influence of the strong 
magnetic field on the excitonic superfluidity using mapping of the system with magnetic 
field onto the system without field by replacing excitonic mass by magnetic mass. 



V. DISCUSSION 



The superfluid density n s and the temperature of the Kosterlitz-Thouless transition T c to 
the superfluid state for the "pure" system at fixed exciton density n decrease as the magnetic 
mass m,H increases^ (we can see that by putting Q = 0, which makes in Ref. (}3*Hj) n' = n 
and c s = yj n/m H ). Since in strong magnetic fields at D ^> r H the exciton magnetic mass 
is m H « _D 3 e/(e 2 r^}^, the superfluid density n s and the temperature of the Kosterlitz- 
Thouless transition T c decrease with increase of the magnetic field H, the parameters of 
random field a e , ah and gi (Figs. 1 and 2). Since in the "dirty" systems, n s and T c decrease 
with the increase of effective random field Q (analogous to the case without magnetic field 
Ref. [30^ ) . and in the strong magnetic field Q is proportional to tuh (Eq. (jHUJ)), the increase 
of the magnetic field H increases the effective renormalized random field Q, and suppress 
the superfluid density n s and the temperature of the Kosterlitz-Thouless transition T c . 

Note that in the presence of the disorder there is a quantum transition to the superfluid 
state at zero temperature T = with respect to the magnetic field H and the parameters 
of the disorder a e , ah and gi (Figs. 1 and 2). While in the "pure" system at any magnetic 
field H at there is always the region in the density-temperature space, where the superflu- 
idity occurs^, in the presence of the disorder at sufficiently large magnetic field H or the 
parameters of the disorder a e , ah and gi there is no superfluidity at any exciton density. 

Note also that in magnetic field the superfluid density n s and the temperature of the 
Kosterlitz-Thouless transition T c decrease when the separation between quantum wells D 
increases because n s and T c are decreasing functions of the magnetoexciton effecive mass 
mil (Eqs. (|37|) and (|38))). which is an increasing function of D^. The dependence of n s and 
T c on D through magnetic mass m# ~ D 3 e/(e 2 rj I ) and through decreasing dependence on 
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the random field Q, which increases with the rise of m# (Eq. (|30))). is stronger than their 
increasing logarithmic dependence on D through the velocity of sound related to the loga- 
rithmic dependence on D of the chemical potential of the dipole-dipole repulsion (Eq. (|31|). 
The latter results in the increasing dependence of n s and T c on D in a case without magnetic 
field.~ The decreasing dependence of n s and T c on D at high magnetic fields H is significant 
when D is large (D ~ 30r#), which is far from D used in experiments, because at very large 
values of D the superfluid system of magnetoexitons must transform into the system of two 
incompressible liquids. 23 

In the high magnetic field limit at high D, the effective random field is not small, and the 
approaches assuming coupling with the random field to be much smaller than the dipole- 
dipole repulsio n 29 i 41 i 42 i 43 are not applicable. Note that in the present work the parameter 
Q/[i is not required to be sufficiently small, and our formulas for the superfluid density 
and Kosterlitz-Thouless temperature can be used in the regime of realistic experimental 
parameters taken from photoluminescence line broadening measurements 8 . The coherent 
potential approximation (CPA) allowed us to derive the exciton Green's function for the 
wide range of the random field, and in the weak-scattering limit CPA results in the second- 
order Born approximation. 

The system of "dirty" indirect magnetoexcitons can appear also in unbalanced two-layer 
electron system in CQW in strong magnetic fields near the filling factor v = 1— . An external 
electric voltage between quantum wells change the filling, so say in the first quantum well 
the filling factor will be v\ = Az/ <C | and in another one it will be v 2 = 1 — Az/. Unbalanced 
filling factors z/i = 1 + Az/, z/2 = 1 — Az/ is also possible. Thus in the first quantum well (QW) 
there are rare electrons on the second Landau level, and in the second QW there are rare 
empty places (holes) in the first Landau level. Excess electrons in the first QW and holes 
in the second QW can bind to indirect magnetoexcitons with the density n ex = eHAv/2'K. 
Superfluidity in two-layer e — e system in high magnetic fields in the cases mentioned is 
analogous to the superfluidity of two-layer e — h system^. 

Note that in this paper we assumed spin degeneracy factor s = 1 in high magnetic fields 
H . Since at H = the spin degeneracy is s = 4, 30 at low H lifting spin degeneracy will have 
substantial effect on the magnetoexciton superfluidity, which we do not take into account in 
this paper where we consider only high H. 
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FIG. 1: Dependence of temperature of Kosterlitz-Thouless transition T c = T C (H) (in units K; for 
GaAs / GaAsAl: e = 13 on the magnetic field H (in units T) at gi = 10 4 nm 4 at the interwell 
distance D = 15nm; at the exciton density n = 1.0 x 10 n cm~ 2 ; at the different parameters of the 
random field a = a e = ah- a = - solid curve; a = 0.5meV/nm - dotted curve; a = 0.7meV/nm 
- dashed curve. 
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FIG. 2: Dependence of temperature of Kosterlitz-Thouless transition T c = T c (n) (in units K; 
for GaAs/GaAsAl: M = 0.24mo; e = 13; tuq is a mass of electron) on the exciton density 
n (in units cm -2 ) at the interwell distance D = 15nm at the parameters of the random field 
a e = oth = 1.5meV/nm; gi = 10 4 nm 4 ; at different magnetic fields H (in units of T): H = - solid 
curve (for H = we use the results of Ref. [30] for spin degeneracy factor s = 4); H = 14T - dotted 
curve; H = 15T - dashed curve. 
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